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Abstract 

It is known that the transformations of fermionic T-duality, derived from the worldsheet theory, 
generically transform real supergravity backgrounds to complex supergravity backgrounds. We 
consider the low-energy target space theory and show that the type II supergravity equations admit 
a symmetry that transforms the Ramond-Ramond fields and the dilaton. The transformations 
given by this symmetry involve Killing spinors and include the transformations of Berkovits and 
Maldacena. However, we show that they also allow real transformations. 
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1 Introduction 



In the past two decades, T-duality [1, 2] has been highly successful in helping increase our understanding 
of string theory. In the 1990s, S, T and U-dualities were used to relate the five different string theories. 
The existence of these dualities was crucial in the conjecture that the five string theories are different 
limits of a theory that is the strong coupling limit of type IIA string theory, M-theory [3, 4]. T-duality 
has also provided insights into the study of D-branes, which would perhaps be inaccessible otherwise. 
For example, Myers [5] used consistency of the world-volume action for the D-brane with T-duality 
to find the correct coupling of background Ramond-Ramond fields to D-branes, which was used to 
discover the Myers effect. Furthermore, another important application of T-duality has been to use it 
to generate solutions in supergravity [6]. 

In Buscher's formulation of T-duality [7], a shift symmetry of a target space coordinate, which corre- 
sponds to an isometry in the target space of the sigma-model, is used to make a field redefinition in 
the sigma model. The new sigma model is classically of the same form as the original sigma model 
except for the sigma model couplings, i.e. the metric and the 2-form field, which are different. The 
two sigma models are equivalent quantum-mechanically if the dilaton also transforms. This shows that 
the string theories described by the two sigma models with different couplings, which correspond to 
different backgrounds for the string theories, are equivalent. The transformed background fields are 
related to the original fields by the killing vector that corresponds to the isometry. 

Recently, this idea has been generalised to the case where the target space has a fermionic isometry, 
or supersymmetry, as opposed to an isometry, to find a duality of tree-level type II string theory, 
fermionic T-duality [8,9]. Under this duality the background Ramond-Ramond fields and the dilaton 
transform and the metric and the NSNS 2-form field are invariant. Analogously to T-duality, the 
transformation of the background supergravity fields are given by the Killing spinors corresponding to 
the supersymmetry in superspace. 

Given the success of T-duality, we expect that fermionic T-duality will also make important contri- 
butions to our understanding of string theory. In fact, fermionic T-duality was introduced to explain 
the dual superconformal symmetry of planar scattering amplitudes in N = 4 super Yang-Mills theory 
[8, 9], which has no obvious origin in the weak coupling computations of these amplitudes in which this 
symmetry was found [10]. There have also been other studies of fermionic T-duality [11-15]. 

However, in contrast to T-duality, fermionic T-duality generically transforms a real supergravity back- 
ground into a complex supergravity background. An ordinary T-duality along a time-like direction can 
then be applied to get back a real background. This means that the application of fermionic T-duality 
as a solution generating mechanism, one of the key applications of T-duality, is limited to supergravity 
solutions with a timelike Killing vector. 

In this paper, we consider fermionic T-duality from the spacetime viewpoint, rather than the worldsheet 
perspective in which it was found. We consider a general ansatz for the transformation of the Ramond- 
Ramond fields and the dilaton involving Killing spinors in both type IIA and type IIB supergravity. 
We then systematically impose that the supergravity equations are invariant under this transformation, 
i.e. we impose that the transformed fields are solutions of the supergravity equations. We find that 
the symmetry includes fermionic T-duality, as it must, but it also admits real transformations of the 
supergravity fields. 

The structure of the paper is as follows. In section 2, we review Buscher's T-duality and show how 
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a symmetry in the target space allows a field redefinition in the worldsheet theory that gives rise to 
a duality. We also review the transformation rules of fermionic T-duality [8] in this section. Then, 
in section 3, we set our conventions by stating the type IIA supergravity Lagrangian and equations, 
and we construct the symmetry for type IIA supergravity. In section 4, we construct an analogous 
symmetry for type IIB supergravity. Finally, in section 5, we make some comments and outline future 
work. 



2 Review of T-duality and fermionic T-duality 

Biischer [7] showed that T-duality in curved backgrounds arises as a symmetry of the sigma-model. 
Consider the bosonic string sigma-model 

Vhh a Pg ab d a X a dpX b + e a ^B ab d a X a d p X b + c/VhR®<f>(X) . 

The field X a is the position of the point (a 1 , a 2 ) on the worldsheet in spacetime; g ab is the metric on 
the target space; B ab is the antisymmetric gauge potential; <j) is the dilaton and R^> is the curvature 
of the worldsheet metric h. Imposing conformal invariance in the quantum theory gives the equations 
of motion for the background fields [16]. In 26 dimensions, the equations of motion for the metric, 
two-form field and dilaton are 

R ab - ^H a cd H bcd + 2V a V b <p = 0, 

V c H c ab -2(d c( f ) )H c ab = 0, 
4(a^) 2 -4D^- J R + ^ 2 = 0, (1) 

respectively. The tensor R ab is the Ricci tensor associated to the metric on the target space and 
Habc = 3d[ a B bc j . 

If there is a Killing vector in the target space, k, then we can choose a coordinate system — we will let 
X a be such a coordinate system — in which k = d/dX°. In this coordinate system, the metric, two- form 
field and the dilaton are independent of the X° coordinate. We can then write 

d a x° = v a , 

in the action, but we must impose the constraint that V a is exact. For Euclidean worldsheets of 
spherical topology we can impose this constraint using a Lagrange multiplier term 

e a Px°d a Vp. 

So we can write the action as 

S = 4^7 / dV booVaVp + 2g 0i V a d j3 X i + 9ij d a X%X j ] 

+e a/3 [2B 0i V a d^X i + BijOaX^pXi] + 2e a < 3 X°d a Vp + a'VhR (2 U(X)^ , 

where a = (0, i). 
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The equation of motion for X° gives that V is closed, which for a spherical worldsheet implies that V 
is exact, so we get back the original theory. The V equation of motion is 



goo 



e P / 

g 0l d a X l + -2L [B Qi dpX l + dfsX 



Integrating the action over V we get the dual action that has the same form as the original action 
except that the metric and the two-form field are now 

1 
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We would like to impose the condition that the T-dual theory is also conformally invariant. This can 
be imposed at one-loop using either the results of reference [16], i.e. equations (1), or by considering 
the change in the measure of the path-integral. Either method suggests that the dilaton is shifted [7] 
to 

4> = <$>- 2 lo 6Soo- (3) 

Note that if we take the special case of toroidal compactification on a flat background, then we get 
the well-known result that the radius of the compactification circle is inverted and the string coupling 
constant, which is the exponential of the expectation value of the dilaton, is modified by a factor of 
Va'/R. 

The argument given here is valid only for spherical worldsheets, hence the duality has only been proved 
to first order in string perturbation theory. By gauging the isometry the duality can be extended to 
higher genus worldsheets, but in this case the isometry orbits must be compact, or in other words the 
shift symmetry has to be along a compact coordinate [17]. 

Recently, Berkovits and Maldacena [8] have generalised Biischer's formulation of T-duality to the case 
where the worldsheet action is invariant under constant shifts of spacetime fermionic coordinates 9 J , 
J = 1, . . . n. They show that under this duality the metric and the NS-NS 2- form potential do not 
change, and they give the transformation of the Ramond-Ramond fields in terms of the bispinor field 
strength. 

In type IIA string theory the bispinor field strength is 

F= t F (2) ai a 2 , ± F (4) ai ...a 4 

where the 2-form and 4-form are the RR field strengths. In our notation, 7— matrices are 
32 by 32 matrix representations of the ten-dimensional Clifford algebra; two Majorana-Weyl spinors 
describing N = 2A supersymmetry are combined into a single Majorana-Dirac spinor. In type IIB 
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string theory the Ramond-Ramond field strengths are the 1-form , 3- form and the self-dual 
5-form F^ , and we define the R-R bispinor field strength by 

F = W 1 + — F (3) y*i- a 3 ( ia 2) , J_ F (5) oi...o s l 

ft ' 31 ai...a 3 / ^^25! a l--- a 5 ' 

In type IIB theory, two Majorana-Weyl spinors, e and e, with the same chirality are combined into an 
50(2) vector 




which are rotated amongst each other by acting with e leT 8 , and on which Pauli matrices act on in the 
obvious way. 

Fermionic T-duality transforms the bispinor field strength in the following way: 

N 

e<t>'F' = e^F ± 32 (e 7 ® £j) M 7J , (4) 

where we take + in type IIB theory and — in type IIA string theory. We will always combine two type 
IIA Weyl spinors into a Dirac spinor and type IIB spinors into an SO(2) vector. However, in equation 
(4), and only there, the spinors are Weyl Killing spinors. 

Furthermore, under fermionic T-duality, the dilaton is transformed to 

where M~ l satisfies 
for type IIA theory, and 

8 a (M~ l ) jj = 2l Ila ahj 

for type IIB theory — of course e has a different meaning for each theory, as described above. The spinors, 
ej, are Killing spinors corresponding to the constant shift symmetry of the fermionic coordinate J in 
superspace 

e I ^e I + PI , 

where pi is a Grassmann-valued constant. Since this symmetry is abelian, {eiQi,ejQj} = 0, where 
there is no summation over / and J. However, from the supersymmetry algebra 

{eiQl,ejQj} = e n a ejP a , 

where P is the generator for translations. Therefore, 

e/7aej = 0, (6) 

for all J, J = 1, . . . , n E Z + . This condition can only be satisfied non-trivially for complex e, so, in 
general, the transformation sends real supergravity backgrounds into complex backgrounds. 

Fermionic T-duality preserves the number of supersymmetries, which is necessary in order for it to be 
a duality of string theory. Explicitly, the Killing spinors in the T-dual theory are 

e'j = M u ej. (7) 
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3 Type IIA supergravity symmetry 



In our conventions, summarised in appendix A, the type IIA supergravity action is 

1 1 



1 

2^2 



d 1C V9<!e 



-2<f> 



R + 4(d(py 



1 H 2 



Ii?( 2 ) 2 + Lji 

2 4! 



(AY 



ac (3) ac (3) B 



(8) 

The first square bracket is the action for the NSNS fields, the metric g, the 2-form field B, and the 
dilaton. The second set of terms constitute the action for the RR fields, the 1-form potential C^ l \ and 
the 3-form potential C^ 3 \ The last term is the Chern-Simons term. The field strengths, H, , 
are defined by 

H = dB, 
F ( 2 )=dC« 

F (4) =dc (3)_ FAC (l) > 



The Bianchi identities for the field strengths are 

dH = 0, (9) 

dF (2) = 0, (10) 

dF® -HAF® = 0. (11) 

The equations of motion are 

d (e" 2 ^ * tf) + F^ a *F^ - l -F^ A F^ = 0, (12) 

d * F {2) + H A *F (4) = 0, (13) 
d*F^-HAF^=0. (14) 

The Einstein equation is 
Rab = -\gab^<t> + \g ab {d<j>f - 2V a V b <j) + i (H acd H b cd - -^g ab H< 



and the dilaton equation of motion is 



(15) 



R + 4D0 - 4 (dcf)) 2 - -^H 2 = 0. (16) 

We can check the consistency of these equations by showing that the contracted Bianchi identity holds. 
Indeed, using the Bianchi identities and equations of motion for the field strengths and the Einstein 
equation, 

V a (R ab - \g ab R) = -d b 4> (r + 4D0 - 4 (d^) 2 - -^H 2 
which vanishes by the dilaton equation of motion. 



5 



The Killing spinor equations from the variations of the gravitino and dilatino are 

V a e - ^ afec7 bc 7iie - ^F^ lalll e + -Le^F^^e = 0, (17) 

(j a d a <i> - y 2 H abcl ahc lu ~ - 8 ^F (2) ab J ab ln + ^F^y^ e = 0, (18) 

respectively. 

We will consider a transformation in the RR fields only. We also allow the dilaton to transform 
because at the quantum level this restores the conformal invariance of the string sigma model. For a 
string theory to be quantum mechanically consistent, it can be shown that the background fields must 
satisfy the supergravity equations of motion by imposing the vanishing of the beta- function [16, 18], or 
imposing k— invariance of the Green-Schwarz action [19,20]. The other NSNS fields, the metric and 
the 3-form field strength H, are invariant under the transformation. 

We consider the most general ansatz for the transformation of the fields: 

e^F (2) afc -> e*'F' {2) ab = e^F (2) afe + e J7a6 (ft + S 2lll )i lJ M IJ , 

e^ (4 Ld e^cL = ^ (4 L* + £i7«w(ft + S 47n ) V jMrj, (19) 

where <//, Mjj, ft, . . . , ft are arbitrary functions, and spinors e/, rji, I = 1, . . . , n, satisfy the gravitino 
and dilatino Killing spinor equations. Both of the RR field strengths transform with the same spinors 
and functions, for if they transformed with different spinors and functions, then, for example, upon 
requiring that the Bianchi identity for the transformed 4-form field strength, equation (11), holds, they 
would be identified. We will identify them from the onset in the interests of clarity and terseness. 
Furthermore, from equation (12), (f)' can be identified as the transformed dilaton, which we will write 
as 

(j)' = (f> + X, 

where X is an unknown function. 

Let us consider each Bianchi identity and equation of motion in turn. First, consider the transformed 
Bianchi identity for the RR 2- form, equation (10). Using the gravitino Killing spinor equation 

V [a F /(2) c] = V [a (e" X F {2) foc] + e ^+ x h nbc] (ft + ft 7 n) VjMlj) 
= -e" X (F {2 \ bc + e-terrpc (Si + S 2lll ) VjM u ) d a] X 
- e-^ +x h n[ bc (Si + S2711) ruMud a] <f> 

+ e"^ (y Hde[a (ft (7 6c] 7 de 7u) M) + * 2 

+ e-^ +x h n[bc d a] [(ft + ft 7 ll) Mjj] V j. (20) 
The Greek indices, a, j3 = 1, . . . , 32, are spinor indices. 
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Now we can use the dilatino Killing spinor equation to express the term involving the derivative of the 
dilaton in the expression above in terms of the field strengths. As ej and r] j satisfy the dilatino Killing 
spinor equation, (18), 

(1 O 1 \ ( a P) 

7 d d d cf> - -H den ^ lu - -e^^YNn + ^F% gl ^j rg = 0. (21) 



Using 



where 



and 



min(m,n) 

7ai...a m 7 — 2.^1 L rnnl[ ai ...a m _ k V-fe+i ' ' ' °a m ]' ^ > 

k=0 

k /_-|Nfcn+|fc(fe+l)_ m!n! 



k\{m — k)\(n — k)\ 



f^ai...a n \aP _ ^_ |n(n+l)+l f^ai...an\Po> 
(• 7 ai...an 7n )a/3 = (_ 1 )in(n+3) (^...an^/Ja ^ ^ 

equation (21) implies that 
1 



~ l^ de ej ( 7abc de - 6 7[ X^) 71W + ^F% fg -ej ( 7[a *'a* - 2 7 %S(6i) r,j = 0. 

Similarly, 

erfrrfuvjdarf ~ ^H^ej (s 7bc] de - 2^) r,j - ^F^en^VJ 



2§g^ (4 U^ {^ b f ef9 ~ 711 W = 0. 



Substituting the two equations above in equation (20) and using the gamma matrix identities (22) and 
(23), equation (20) becomes 

V [<^ be] 

= - e" X (F {2 \ bc + e-*e J7 [6c (<Si + Smi) VjM u ) d a] X + e-^+ x h IJ[bc d a] [(5i + S 27 ii) M fJ ] r/j 

- ^e-^ +x ^ afcc e 7 (SiTii + S 2 )r ] jM IJ + ie^F^ej (2S l7[ XC]7n - ^7[ 6c ^a]) *7^J 

+ ^ X F ( % g ei (485^^ + S 2 ( 7afc *A + 36 7[a ^)) rjjMij. 

The expression above must vanish for the transformed Bianchi identity to be satisfied. Since we are 
considering generic supergravity solutions, by looking at the terms proportional to the RR 2-form field 
strength we conclude that 

d a X = 5 , ie/7 a 7nT7jM/j and S2en abc r]jM IJ = 0. (24) 



This identity can be proved by using induction on m with n = 1 and then by induction on n. 



7 



Prom the terms proportional to the NSNS field strength we get that 

ei (Si 711 + S 2 ) VjMij = 0, (25) 
and from the terms involving the RR 4-form field strength we get 

SieijaVjMij = and S 2 €a abc -f 1 ir]jM I j = 0, (26) 
using S2ei"fabcVjMij = 0, from equation (24). Finally from the remaining terms we have that 

e n[bc (d a] X (5i + 527ii) Mi j - d a] [(5i + 5 27 n) M u ] ) r)j = 0. (27) 

Using similar techniques to those used above, we can also show that 

V [^' (4 Le] " 2H la b cF'% = -e~ x [F^\ bcde + e-^ 7M e (5 3 + 5 47 n) VjMjj) d a] X 

- 2e-^ +x ^H [abc e Ilde] ((5 2 + S 3 ) 7n + (5i + 5 4 )) ??jM 7J 
+ ^ e_Xi?(2 //"^3 (l ab J 9 ~ 207[a 6c ^^) 7ii^M 7J 

+ m e ~ XFiA) f^ ei ( 105s (W' fc *i + 1 



+^4 (7 afecrf / 9h4 - 1207 [a ^ / ^5^: ] ) Til) VJM U 
+ e- W+X, e/7 N e9 a] [(5 3 + 5 47 n) M/j] rjj, (28) 



v r ba q r abed 



FVZ L + e- e/7fea (5i + 5 27 n) VjMij ) d 6 X + e^^e/T^ [(Si + 5 27 n) M 7J ] r?j 



± e -tt+x) Hbcd - bed ((5i + ^ + (5a + 5s)) Mjj 
o 



+ -^ X F {2 Ui (45i7 b ^7ii + 5 27a fec ) rjjMjj - -e~ x F i4) bcda ejS 2l bcd V j. 

and 

Xjd F <(4) \_ Trd 1 d 2 d 3F l(4)d 4 ...d 7 

v r dabc -^^ t abcdi...d 7 rl r 



= ~ e" A [F^ dabc + e-*er(<Ubc (5 3 + 5 47 ii) ??jM 7J j <9 tf X 

+ e-^ +x )e /7(io6c 5 d [(5 3 + 5 47 n) M u ] rjj + ^-^^ (s^j " 2S 47 a^) VjMjj 

~ ^- XFi \f/i (ft (7 a6 / e/9 + 367 [a de ^^) + 48S 47 d ^7li) rt, (30) 

For the transformed equation of motion for the RR 4-form field to hold, from equation (30), the 
following must be satisfied 

8 a X = -S^nalnVjMu, (31) 

S&wjMij = 0, (32) 

S&nabcnjMu = 0, 5 3 e/7 abc 7nr?jM/j = 0, (33) 

eiiabcd (d d X (5 3 + 5 4 7n) M u - 3 d [(5 3 + 5 47 n) M u ] ) r)j = 0. (34) 
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Note that if, for example 



enabcliirijMiJ = 



then 



£lJa 1 ...a r VJ M lJ = 



for 



j_\i(10-m)(10-m+l) 




(35) 



(10 -m)\ 



proved in Appendix B. 

Now, if equations (24), (31-33) hold, then the expressions in equations (28) and (29) vanish only if 



respectively. 

In summary, the Killing spinors and functions that describe the transformation must satisfy 



d a X = 5ie/7 a 7ii7?jM/j, (Si + S 4 )e/7 a 7n??jM/j = 0, 
ej (S1711 + S 2 ) VjMij = 0, 
Sie/7 a ??jM/j = 0, Silaa'qjMu = 0, 
S2en a bcVJ M u = 0, S 2 en abc -/ 11 7]jM IJ = 0, 
S^ilabcrijMu = 0, S 3 e/7 a fe c 7ii7?jM/j = 0, 
(Si + S A )ea ab 7]jMu + (S 2 + S 3 )e/7 afe 7ii7?jM/j = 0, 
(Si + S^enabcdlWljMu + (S 2 + S 3 )e I -f abcd r]jM I j = 0, 

en [bc (d a] X (Si + S 27 n) Mjj - d a] [(Si + S 27 h) M u ])iij = 0, 
e nab (d b X (Si + S 27 n) Mu - 9 b [(Si + S 27 n) Mu])vj = 0, 
ea[bcde(d a] X (S 3 + S4711) M u - d a] [(S 3 + S4711) Mjj^tij = 
eilabcd (d d X (S 3 + S4711) M u - 8 d [(S 3 + S4711) Mu) ) r?j = (40) 



in order for the Bianchi identities and equations of motion for the transformed RR fields to be satisfied. 

Let us consider the NSNS 3- form equations. The Bianchi identity for the NSNS 3- form field is invariant 
under the transformation, so we do not need to consider it. However, using the Killing spinor equations 



(Si + S^eUabrjjMu + (S 2 + S 3 )e/7 afe 7ii7?jM/j = 0, 
£il[bcde(d a] X (S 3 + S4711) Mu - d a] [(S 3 + S4711) Mjj^tij = 



(36) 
(37) 



and 



(Si + S 4 )e/7 abcd 7ii?/jM/j + (S 2 + S 3 )en abcd r]jMu = 0, 



(38) 
(39) 



i nab (d b X (Si + S 27 n) M u - «9 b [(Si + S 27 n) m u ])vj = 
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and equations (40), the equation of motion for the NSNS 3-form, (12), reduces to 

e -^ + 2X) Fcdli ^ (353 _ s 47n) gcjd _ Szla cd^ VjMij 

- e-^ +2X ^S 3 F abcd e n cd 1 wijM I j - ^~ 2 ^ +x h n[a r,jd b] (S 4 M U ) 

+ ie" 2 ^ +x ) (e nabcd (S 3 + S Al u) VJ) (eKl cd (Si + S 27 n) til) M u M kl 

- ^~ 2{4>+X) (zilcdef (S3 + S4711) VJ) (tKj ab cdef (5 37 n + S 4 ) iil)M u M kl = 0. (41) 

The supergravity fields we are considering are generic, so, in particular from the term proportional to 
the RR 2-form field, we must have that 

S^IlabcdlljMu = 0, 

which implies that S3 = 0, for this is precisely the combination that enters in the transformation of 
the 4- form RR field strength. Furthermore, since £3 = 0, from 

(Si + Si)ea a bVJ M iJ + (S2 + S 3 )ea a blnVJ M iJ = 

we get that 

SzenablxinjMij oc eiiabrjjMrj, 
hence without loss of generality we can set S2 = 0. 
Since S2 and S3 vanish, we must have that at least one of 

enabVJ M iJ, ei7abcdlur)jMij 
are non-zero in order for the transformation to be non-trivial. Therefore, using equations 

(Si + S^enabrjjMu = 0, (Si + S^enabcdlnVjMu = 0, 
from the set of equations (40) with S2 = S3 = 0, we deduce that 

S4 = —Si. 

Without loss of generality we can let Si = 1. 

Furthermore, from the first term in equation (41), the spinors must satisfy 

emwjMu = 0. (42) 

The last two terms in equation (41) are quartic in spinors and they can be simplified using Fierz 
identities. 

The Fierz identity for commuting spinors A, %, tp, ip in d— dimensions is 

(XM X ) (i>N<p) = 2-W% {iMO'Nip) (i>O lX ) , 

1 

where M, N are arbitrary combination of gamma matrices and 

{Ol} = {I, 7 a , i-fab, ilabc, Jabcd, ■ ■ ■ } 
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forms a basis for 2^- d / 2 ^ x 2^ d l 2 ^ matrices and 

{O 1 } = {1, 7 a , h ab , h abc ,-/ abcd , ...} 

is the dual basis. 

Using Fierz identities, equation (41) with 

Si = —S4 = 1, S*2 = 5*3 = 0, 
eawqjMu = 

becomes 

+ ^ (eiJabcdVj) (ckJ^JiiVl) + ^ (enabcdeflnrij) (e K l^ ef Vl)\ m ij m kl = 0. 
We can use equation (42) again to simplify the above equation to 

4e/7[ a 77j9 6 ]M/j - ^16 (en[ a jiiVj) (lKlb}VL) + (eiJabliiVj) (^kVl) 

+^ {eilabcdVj) (eKl cd JWlL) + (enabcdennVj) (^n^^) ) M LJ M KL = 0. (43) 

So far, having only the dilaton and Einstein equation to consider, we have the following conditions on 
the Killing spinors and functions in the transformation of the fields: 

Si = -S A = 1, (44) 

S 3 = S 2 = 0, (45) 

d a X = e/7 a 7n?7jMrj, (46) 

eauruMu = 0, (47) 

eijaVjMu = 0, (48) 

enibcVJ (da]XMjj - d a] Mjj) = 0, (49) 

enabVJ (0 b XM u - d b M u ) = 0, (50) 
tnibcdeliiTuid^XMu - <9 o] M/j) = 0, (51) 
ei-YabaOiiVJ (d d XMjj - d d M LJ ) = (52) 

and equation (43). 

The Dilaton equation for the transformed fields is 

R + 4D<£' - 4 (dcj)') 2 - -^H 2 = 0, 

which using the dilaton equation for the original fields implies that 

UX = 2d a 0d a X + d a Xd a X. (53) 
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Using equation (46) and the Killing spinor equation from the variation of the gravitino, 

UX = V a (en^urijMu) 

= -^F bc en bc iljM u + ^Ft^en^nVjMu + e n a lnr]jd a M L j. 

However, since e/ and 777, for all I = 1 . . . , n, satisfy the dilatino Killing spinor equation, (18), 
ef (711 (7^ - ^ WSh - l^F^jn + ^F^^ ) = 0, 

hence, using equation (23), 

--^F bc en hc r,jM LJ + ^F^e^^jMu = 2e n a 11 vijd a ^M I j. 

Therefore, 

□X = 2en a liiVjd a (l>M I j + erfllirijdaMu. 
So, from equation (53), the transformed dilaton equation is satisfied if 

en a JnVJ (eKla1ur)LMijM KL - d a M u ) = 0. (54) 

Finally, we have to find conditions on the spinors and functions in the transformation in order for the 
Einstein equation to be satisfied for the transformed fields. Using equations (44), (45) and (53) and 
the Einstein equation for the original fields, Einstein's equation becomes 

\g ab UX - 2V a V b X + e* ( F { \ c en i)c r,j - ^g ab F i2) cd e n cd rjj) M u - ^ (F { \ cde i nb)cdelll1lJ 



_3_ 

32- 



>9abF {4) cdef e n cdef ~fuV?J Mu + \ ((enacVj) (e/nA/J - ^9ab (eilcdVj) (eK7°V) J M u M kl 
+ ^ (e/TaofeTii^j) {^K% cde 1iiVL^ - ^9ab (eiJcdeflfiiVj) (eKl cdef liiVLj ^JMjjMkl = 0. 

(55) 

Now, consider 

ei [ 7 (a|7n (V| 6) - lH lb)cdl ^ u - l e ^V%)7ii + ^F% 7 c ^ 7|b) )] V j = 0. 
Adding this to the same expression, but with ej and rjj interchanged we get 
e/7(a7nV 6) r?j + r?J7(a7iiV 6) e j r + ^F (2) c / 7 (4 7(a c ^ } + g a bl cd ) VJ 

- ^ Fi4 Lfti (87 (a cde ^ + 9abl cdef ) mm = 0, 
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using equations (22) and (23). The above equation and the equation obtained by contracting the two 
free indices in the above equation can be used to reduce equation (55) to 

]g ab ax - 2V a V b X + 2V (a (e n b)7iiVj) M u - \g ab V c (en^nvj) M u 
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+ T2 ( ( e/7acde7lir?J ) { e Klb Cde Hl r lL) - ^9ab{en c defliiVj) {(-Kl cdeS llir]Lj^MijM KL = 0. 

(56) 

Using equation (46) to simplify the terms on the first line, Fierz identities and equations (47) and (48), 
it can be shown that equation (56) is 

- 2e/7 (a 7n?7j (dqMij + 2e K lb)liiVLM IL M K ,j) + -gabtrflnVJ (pcMij + 2€k7c7iiVlM il M K j) 



+ ^4(e/7 a r/ L ) {e K -/ b r]j) + ^ (en a c jn?]j) (e K 1bcliiVL) + i^Ha^Vj) (^K%cdeVL) 
+ Y^9ab (eiVj) (ckVl) ~ \flab (ziIcVl) (eKj c Vj) ~ ^9ab (e/7cd7n ? ?j) (ckJ^JiiVl) 

~^9ab (erfcdefVj) (eKj cdef VL)^M u M KL = 0. (57) 

This is a quartic condition on the spinors. Moreover, from equations (43), (49-52) and equation (54) 
we also have that the spinors must satisfy 



4e/7[ a r?j (d b ]M u - ^e K l b ]liiriLMj L M K j) - \{e I ^ ab 'y 1 ir}j) (e K r)L) 

+7, (eilabcdVj) (^kJ^JuVl) + (e/7a6cde/7ii^j) (^Kl cdef VL^j M U M KL = 0, (58) 



tiliabVJ {d c ]Mu + 2e K 7c]lWlLM IL M KJ ) + I ^ [en [ab d VjJ {eKj c }dliiVL) 

+ g (enabcJuVj) (ckVl) - ^ (e/7[afe d£ ^) (e^7c]de7n??i) + 3 ^HabcdlnVj) (^Kl d r]L ^ 

+ I (e/7a6cd7li»7i) (^KlSj) -gg (e/7o6afe/7n»7j) (tKj def VL) J M U M KL = 0, (59) 



endbVJ [d b Mu + 2e K j b -fnVLM IL M KJ ) + ^(e/7 a 7?j) (ck^iiVl) + 2 (e/7a??L) (eA'7n??j) 

- I (e/7afec??j) (W c 7il^) --^ (eiJabcdVj) (^Kl^lum) J M U M KL = 0, (60) 
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tillabcdliiVJ {d e ]Mu + 2eK7 e ]JiiVLM IL M KJ ) + ( (e/7[ a6c 7u7?j) (e K Jde]luVL) 

+ (t^iab/vj) {tKldelfni) + g (tllabcdefVj) (^W Vl) + g ^llabcde^h) (e K l f Vj) 

~\ { En [abcd f9 ^^j) (eK7e]/ S 7ll»7i) + 7^ (^nabcdefglllVj) (ckJ^HIVl)] M U M KL = 0, 



(61) 



tilabcdlnVJ [^Mu + 2e K Ylnr]LM IL M K jj + (en [ab r]j) (e A '7 c ]^L) 

^7[ afe %j) (e^7c]de??L) - -7g (e/7a6cde/7n^j) (e^7 de/ 7im) 1 MuM KL = 0, (62) 



e/7 a 7nr/j (<9 a M/j + 2€ K ^aliiVLM IL M KJ ) + (^(e/7 a ?7j) (e K JaVL) + 2 (en a i] L ) (e K 7aVj) 

(en abc r]j^ (iK^fabcVL) ~ rr (e/7 a6c 7nw) (eA'7abc7ii r ?L) ) MjjMkl = 0, (63) 
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respectively, where Fierz identities have been used to rewrite equations (49-52) and equation (54). 
The only set of quadratic constraints on the spinors that we have found that solve equations (57-63) is 

eilaVJ = 0, ImjMu = 0, e/7 a6 7nr/jM/j = 

^IlabcVJ M U = 0, tIlabcl\\r\jMu = 0, ei7cdefVJ M IJ = °: 

d a M 7J = -2e KlallX T) L M 1L M KJ . 

We have shown that the type IIA supergravity equations admit a symmetry described by the following 
transformations of the dilaton and RR field strengths 

cf> -> 0' = + X, 
e^l^e^'F'^^e^l + enabVjMu, 

^F {A) abcd "> e*'F ,(4 <L = <^ (4 L rf " Wu*, (64) 
where the Killing spinors must satisfy 

tHaVJ = 0, (65) 

ennrijMu = 0, (66) 

ZmjMij = 0, enablilVjMij = 0, (67) 

enabcVJ M u = 0, lilabclwnjMij = 0, eijcdefrjjMrj = 0, (68) 

<9 a X = e/7 a 7ii7/jM/j, (69) 

d a M 7J = -2e K 7 a 7n7 ?L M /L M A j. (70) 
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(71) 




^i> g M-!) 



(72) 



I=i 



The integrability conditions arising from equations (69) and (71) are trivial because 



V [a V b] X = -H abc e n c VjM u and V[ a V b ] (M _1 )/j = H abc ejj c r]i 



which vanish by equation (65). 

In the transformations given by Berkovits and Maldacena the spinors ei and rjj are identified. This is 
sufficient for 



When ei and rji are identified, only the symmetric part of M/j contributes in the transformations of 
the fields, so without loss of generality we can let Mjj be symmetric in / and J, as a consequence of 
which the above equations are satisfied. If we identity e/ and rji then we recover the transformations 
of Berkovits and Maldacena, but with an extra condition on the spinors, namely that 

e/7nejM/j = 0. 

When n = 1, we can explicitly show that the solution to 

er? = 0, l-iabl\i"n = 0, 

HabcV = 0, l-fabcllll] = 0, ejcdefn = 



However, when n > 1, these conditions do not reduce to the transformation rules of fermionic T-duality. 



4 Type IIB supergravity symmetry 

The type IIB supergravity action is 



eirjjMu = 0, en ab juVJ M u = 0, 
enabcVjMu = 0) eilabcln'njMij = 0, eudefruMij = 0. 



is 



e oc rj. 




2 3! 2.5! 



192 



1 1 



eC^dBdC^ 
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In type IIB supergravity the RR fields are the scalar the 2-form and the 4-form . In 

terms of potentials B, C^°\ and C^ A \ the field strengths are defined to be 

H=dB, FW=dC(°), F^=dC^-HC^°\ 

F (5) = dC (4) _ I C (2) AH + l BA dC7 (2)_ 

2 2 
The 5-form field strength is constrained to be self-dual. 

The Bianchi identities for the field strengths are 

dH = 0, (74) 

dF^ = 0, (75) 

dF (3) — HA F (1) = 0, (76) 

dF^ —HA F® = 0. (77) 

The equations of motion are 

d (V 20 * H\ - A *F< 3) - F® A F< 5) = 0, (78) 

d * F (1) + H A *F (3) = 0, (79) 
d * F (3) + iJ A F (5) = 0. (80) 

The equation of motion for the 5-form field strength, F^ , is equivalent to the Bianchi identity for the 
5-form, equation (77), as it is self-dual. Moreover, the Einstein equation is 

(81) 



R ab = -^g ab a4> + - 9ab {d<j>y - 2V a v b ^ + - \H acd H b cd - —g ah n 



+ + -e 2 ^ ( F {3) F {3) cd - —a uF^ 2 \ + — e 2 *F {5) F (5) cdef 

noting that F^ 5 ) 2 vanishes because the 5-form field is self-dual. Finally, the dilaton equation of motion 
is the same as the type IIA supergravity dilaton equation of motion, equation (16). Also, the twice- 
contracted Bianchi identity is again satisfied using the equations of motion for the fields. 

The Killing spinor equations from the variation of the gravitino and dilatino are 

Vae - I iWV 3 e " ^(V V7a K) e + l^L^Ta^e + ^% cdefl ^ la (za 2 ) e) = 0, 

(82) 

(V^ " ^H abc7 abc a 3 + e<M V (ia 2 ) + le*F (3) a6c7 a6 v) e = 0, (83) 

respectively. 

We now consider the most general transformation of the RR field strengths and we will also allow the 
dilaton to transform: 



e^O) ^ _> e ^'(3) 6c = e ^(3) ^ + - enabcS m iljMlJ , 
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where Mjj is an arbitrary function; the spinors e/,??/ satisfy the gravitino and dilatino Killing spinor 
equations; 

0(1,2,3) = ^ Sfi'^O* 1 *, 

a*L l = (l, cr 1 , io~ 2 , cr 3 )^ . The field <p' is some arbitrary field, which is identified with the transformed 
dilaton upon considering the NSNS 3-form equation of motion with transformed fields. We let 

0' = <t> + X, 

where X is some arbitrary function. 

Note that the RR fields need not a priori transform with the same spinors and coefficients. However, 
as in section 3, if we let them transform with different spinors and coefficients, then we will find from 
equation (76), for example, that the spinors and functions have to be identified. 

As in section 3, we let the NSNS fields g and H be invariant under the transformation. 

It is important that the 5-form field strength remains self-dual after the transformation. The Hodge 
dual of 5F^ is 

* (ena 1 ...a 5 S (3) VjM IJ dx a i A • • • A dx as ) = €! ^e Q1 ... as6l ... 66 7 61 - 6 ^ S^rjjMjjdx^ A • • • A dx as 

= e/ (7ai...a 5 7ll) S {3) rjjM u dx ai A • • • A dx a5 , 

by identity (35). Hence if we let 711 rjj = r]j then the transformed 5-form field strength is self-dual. 
Recall that in type IIB supergravity all the Killing spinors have the same chirality, hence 71167 = ej. 

We will now find the constraints that the various functions and the Killing spinors must satisfy so 
that the transformed fields satisfy the Bianchi identities and the equations of motion. First, let us 
consider the Bianchi identities. Using the gravitino Killing spinor equation, the Bianchi identity for 
the transformed RR 1-form field strength is 

V [a F'« = V [a (e-*F% +e-^ x k nb] sU VJ M IJ ) 

= -e~ x d [a X (F b] +e-*e / 7 b] S( 1 VM /J ) - e^+^d^En^rjjMjj 




+ e~^ +x h n[b d a] S^rjjMjj + e'^hn^Vjd^Mu = 0. 
Now, from the dilatino Killing spinor equation 

en ba S {1) (7^ - ±H cdel cde a 3 + e^V^ 2 ) + ^ ' F^L^ ^) U = 0- 
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Adding the above equation to 

nS Wt Ud c <f> - ^H cdel cde a 3 + e^ 1 ) f{ia 2 ) + ^F^^aA e 7 = 0, 

where S t is the transpose of S, and using the first identity in the set of equations (23) we can show 
that 

= £ f ((iWT-)^ + ( 7ta7 -) gt> (.35C))) 

(^) + M)) 

Therefore, using the above equation and performing some gamma matrix manipulations, using equa- 
tions (22) and (23), we can show that 

V [o F'W = e-^ x h n[b (d a] (sVMtj) - d^XS^Mu)^ - e~ x d [a XF^ 

- le-(^)tf cde e/ (l ba cde + 7 c 6i5°) (s< V + S«l) Vj Mjj 

+ \e-XFVej ( %a c (^a 2 - - 4 7[6 ^ (s< V - S<V)) rjjMu 

+ (V (4V + 4 X) - 2 ) " 2^ $V + sf )l)) rjjMu 

This expression must vanish if the transformed RR 1-form field strength is to satisfy the Bianchi 
identity. We are considering generic supergravity fields, so the expression vanishes only if 



d a X = e na (fi<V - S^V) rjjMu, (84) 

eilabcde (S^a 3 + VJ Mjj = 0, (85) 

eiJa (S^a 3 + 5^1) rijM u = 0, (86) 

6/7a6c (S^ia 2 - S^l) IJjM;; = 0, (87) 

e/7afec (sJV + 4 1} i<7 2 ) t/jMjj = 0, (88) 

e/7a (s£V + sf } l) = 0, (89) 

ei7[&(0 o] (s (1) M 7J ) " d^XS^Mjj^ru = 0. (90) 
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We can also show that 

V [a F ' ( M + F '\ a H bcd] 



,(3) 
bed] 



=e-(^*>e r y M (0 o] (s^M/j) - o] XS( 2 >M,j)t7j - e- x d [a XF { 

+ ^-VJe; 7M (sJV - S?V) tjjMjj 

+ 48 7[6 ^^q (sf a 3 + si^fjnjMu 

- r- x r% b ^ (^ 2) - 2 - 4 2) i) + 7/ (sjv - s*v)) 

V [« r fecde/] 3 [abc n def] 



-^e-MU(W W KV + 5f)l) 

+ k^U/^ (5 76c f a V - sf I) - - sfV)) rjjMij. 

Both of the above expressions must vanish for the Bianchi identities for F'( 3 ) and ,F'( 5 ) , respectively, 
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to hold. So we have that 

d a X = e Ila (sf V + Sf ] ia 2 ) V jM u , (91) 

eilabc (S^a 3 + 4 2) l) VjMu = 0, (92) 

ena (Sg-h + (sf > - S P) a 1 + (s« - )) *a 2 + Sj 1 V) r]jMjj = 0, (93) 

e/7a6c (sf <T 1 - sfV) V jM u = 0, (94) 

e/7a6c + Sf } l) 7?jM 7J = 0, (95) 



e/7a (S5 2) <<7 2 - 4 2) ? ?./ M ^ = 0. ( 96 ) 

eilibcd (d a] (s^Mjj^j - d a] XS^M L ^ rjj = 0, (97) 

and 

?(3)„3 c(3)^l N 



d a X = e Ila (S} 3 V - S^VJ VJ M U , (98) 
ena (S^a 3 + sf l) ruMu = 0, (99) 



eilabcde ( Sf ] a 3 + Sfh ) tjjMjj = 0, (100) 



ej abc (s™I + (s?> - a i + ^(2) _ 5 (3)) ia 2 + ^ = Q) (101) 

e/7afec (^ 3) m 2 - sfl) ^jM/j = 0, (102) 

eiJa (sJV + S{ 3) l) = 0, (103) 

e/7afec (<sfV + 4 3) ^ 2 ) >?J^J = 0, (104) 



eilabc (S^io 3 ~ Sfh) tjjMjj = 0, (105) 
eil[bcdef(d a] (S^M U ) - d a] XS®Mu)rij = 0, (106) 



respectively. 



The NSNS 3-form field strength does not change, so the Bianchi identity for the 3-form field is the 
same as before. 

Now, we assume that equations (84-106) hold and consider the equations of motion. As before, using 
the Killing spinor equations for ej and r]j, the equation of motion for the transformed RR 1-form field 
strength can be simplified to 

V a F >(l) + \ Habc F'^ abc 
D 

+ \e-^H abc e n ^ (Sfh + (S? - S?) a 1 + (sf - S?) *. 2 + flf a 3 ) rjjMjj = 0. 
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So, we get the following conditions: 

enatc (4 2) I + (s? - S®) a* + (fif - St?) ia* + S<V) VjM u = 0, (107) 
en a (d a (s^Mjj) - OaXS^MjXj = 0. (108) 



Similarly, the equation of motion for the transformed 3-form field strength becomes 

V r abc^ q 11 r bcdef 



+ (S®I + (S® - sf ) a 1 + (fif - M 2) ) - 2 + 4 3) - 3 ) ^ = 0. 

hence we need to impose 

en abcde U 3 k + (S® - S W) a 1 + fflf - Sf>) ^ 2 + flfV) ??J M 7J = 0, (109) 



e/7a6c(3 a (s (2) M /i7 ) - ff*XS&>Mij)rij = 0. (110) 
We also need to show that the transformed fields satisfy the equation of motion for the NSNS 3-form: 

= - 2e-^+Vd a XH abc - e-i^Mjj (F^e Ilabc S^j + F^JrflP^j 



+ lF^fe nbcdef S%j + iF^fen^S^j) 

_ e -2(0+x) (erfsMrij) (e Klabc S^ VL ) MjjM kl 



_ l e - 2 (0 + x) (zj^fsWru) (e Klbcdef S^ VL ) M U M KL = 0, (111) 

where the NSNS 3-form equation of motion with the original supergravity fields has been used in the 
first equality. 

Using the gravitino Killing spinor equation and the self-duality of the 5-form RR field strength we can 
show that 

F^ a e nabc si 2) ia 2 VJ Mjj =4V [b (ej 7< ^j) S^Mjj - 2H abc e n a S {2) a\jM L j 

- l^ Fi l d e^n def 4 2) ^ 2 VjMu, (112) 
and using the dilatino Killing spinor equation and equations (92-94) we get that 
F^e Ilabc (4 2 h + 5<V + S<V) vjMu 
= - 2d [b <i)e nc] S i £ ) io 2 r 1 jM I j + ^H def ej U de} - 67^) sfka^jMu 
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+ ^F%ej ( %c def - 6 7 d 5 e b 6{) sfha^jMu = 0. (113) 



Substituting the above equations into equation (111), and using equations (91), (93) and (109), the 
NSNS 3-form equation of motion becomes 

- 4V [fe (err^Tu) rfpMjj + 2d [b ^ nc] sl 2) ia 2 VJ Mjj - ^H def ej (y bc def + 18 7 % e #) S^ia^jMjj 
- (W^Sj) (^7ab c 5 (2) r/ L ) M U M KL - ± (e n def S%j) {l K lbcdefS^r, L ) M U M KL = 0. 

(114) 

The supergravity fields are generic so the terms proportional to each supergravity field in the above 
expression must vanish. In particular, if we consider the expression proportional to the RR 5-form field 
strength, then as this expression is exactly the expression that enters in the transformation of the RR 
3-form field strength 

fif = s® = s® = 0, 

and without loss of generality we can set 

S® = 1. 

Similarly, by using the Killing spinor equations to substitute in for 

F^L^SMru and F%e I%c ^ S^rjj 

in equation (111), instead of F^ l lei^ a bc S^' ] rjj , we can show that 

S^=a l and S®=v\ 

Letting 

5 (D = 5 (3) =(7 i and S ^=ia\ 

conditions (84-110) become 



d a X = enaaSjMu, (115) 

eijaVjMij = 0, (116) 

eilib^VJ {da]M u - d a] XM u ) = 0, (117) 

en [bcd ia 2 VJ {d a] M u - d a] XM u ) = 0, (118) 

enibcdef^VJ {d a ]Mu - d a] XMu) = 0, (119) 

ea a <?\j (d a Mjj - d a XMjj) = 0, (120) 

eilabciv 2 VJ (d a Mjj - d a XM LJ ) = 0. (121) 



The NSNS 3-form field strength equation of motion, equation (114), becomes 
4V [b (e/7c]7?j) M u + (e I j a a 1 r ] j) (e^7 a6c m 2 r ?L ) M U M KL 

+ g (e/7 de/ ^Nj) {tKlbcdef^VL) MuM KL = 0, 
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and using equation (116) this reduces to 

4ei7[ 6 r7j«9 c] M/j + (^(en a a 1 r]j) (e K 7abcicr 2 VL) + ^ {en def ia 2 ru^j (eKjbcdef^VL)) MjjM kl = 0. 

(122) 

Fierz identities can be used to simplify the terms that are quartic in spinors. Just as the tensor 
product of a combination of gamma matrices, M and N, can be expanded in the basis {Oj} = 
{I,7o,i7o6 5 *7o6 C) 7o6cd) ■■■}, 

M a pN\ = {MO I N) a s O? 



I 



we can expand the tensor product of 2 x 2 matrices, E and S, in the basis = (I, a 1 , cr 2 , a 3 " 1 



OB' 



where uppercase Latin letters are 50(2) vector indices. Hence, for type IIB theory spinors, the Fierz 
identity is 

(AME X ) {$NZ<p) = 1 £ A (MO J iV) (E^H) ^ (0^) x . 

Using the Fierz identity multiple times, we can show that 

(e/7 a a 1 ?7j) (eK7abcicr 2 rjL) + - {en ai - a 'Ha 2 i]j) (e K la l ...a s bc<J 1 riL) 
= - 16 (e/7 [b <7 3 7/ L ) (e^7 c] r?j) + (eij a ia 2 r]j) (eKlabc^m) + - (e/7 ai - a3 cr 1 ?7j) (e K la 1 ...a i b c icr 2 r] L ) . 

So from equation (122), the NSNS 3- form equation of motion is satisfied if 

4e/7 [6 7?j (d c] M u + Ae K lc}cr 3 VLM K jM IL ) + (e n a ia 2 i]j) (eKlabc^VL) MijM kl 

+ \ (e n a ^a l r,j) (e Klai ... a3bc ia 2 r, L ) M U M KL = 0. (123) 

The dilaton equation, (16), for the transformed fields simply reduces to 

□X - 2d a <j)d a X - (dX) 2 = 0. (124) 
Using d a X = eij a a 3 r]jMij, and the Killing spinor equations, the above equation reduces to 

en a a 3 r]j (d a M u - Zk^^MuMkl) = 0, 
which using Fierz identities becomes 

e /7 V 3 r ?J (d a M u + 2e K j a a 3 ri L M IL M KJ ) + UerfaVj) (ejryV) + 2 (eaaVL) (e K 'fvj) 

- ^ (eilabcVj) (e K J abc VL) ~ (e/TafcAj) (^7*Al))%%l = 0. 

(125) 
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This must hold in order for the dilaton equation to be satisfied for the transformed fields. 

Now, let us consider the Einstein equation. We can use the gravitino Killing spinor equation and the 
constraint from the dilaton equation of motion, equation (124), to show that the Einstein equation 
reduces to 

2V (a (e nb )<r 3 r)jMij - d b) X) - ^g ab V c (e n c ^VjM u - d c X) - 2<L I1{fl a\ J d b) M IJ 

+ ^gabeiY^rjjdcMu + ^ ^48 (e/7 a cr 1 7 ?J ) (on^ V) + 24 (en a cd ia 2 r]j^ (e K j bcd ia 2 rj L ) 

- 2g ab (ea cde ia 2 ru) (e K -f cde r] L ia 2 ^ + (en a cdef a 1 ^ (e^&cde/d V)) M U M KL = 0. 

The first two terms vanish because of equation (115), and we can use Fierz identities to rewrite the 
terms that are quartic in spinors. Upon doing so, Einstein's equation becomes 

- 2en (a a 3 ej (d b) M u + 2e K ~f b) a 3 e L M IL M K j) + ^g a ben c a 3 ej (d c M u + 2e K -f c a 3 e L M IL M KJ ) 

+ (384 (e/7 a r? L ) (e K JbVj) + 4 § {ea a io 2 r)j) (e K Jbicr 2 r] L ) 



+ 24 [en a cd a 1 'qjj (e^^V) + (en a cdef ia 2 ?]jj {e K -i bcdef ia 2 r] L ) 

- 48s ab (eijcVj) (e K J c VL) - 2g ab (e/7«fe^V) (e^^V)") M U M KL = 0. 

(126) 

So, the transformed fields satisfy the type IIB supergravity equations if equations (115-121), (123), 
(125) and (126) are satisfied. Using Fierz identities, equations (117-121) are equivalent to 

e/7[a°" le J {db] M u + 2t K ~i b] a 2, e L M IL M KJ ) - Q (e/7 a6c r/j) (e^7 c zcr 2 r/ L ) 

+ ^ {enabJcr 2 rij) (e#7%) + {ea abc ia 2 r] L ) (e^r/j) - ^ (en [a cd a 3 r]j^ (e^7 fe]cd cr 1 r/ L ) 

- {enabcdeiv\j) (zkI^ViMMuMkl = 0, (127) 

en[ a bJcr 2 ej {d d] Mu + 2e K J d ]cr 3 e L M IL M K j) - [en^a 1 !].^ (e K J c d]eriL) 

+ \ (e/7[ab c o- 3 w) {^Kl d ]i<y 2 rj L ) + ^ {en abcde a l i]j) (ckYvl) + r {^nabcde^VL) (ei<J e Vj) 

+ \ (^[ahc^i^Vj) {^Kld]efCr 3 VL) + (eiJabcdefgVj) {^Kl^ h '^VLjj M U M KL = 0, 

(128) 
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tiliabcde^tJ (d f] Mu + 2e K -y f] a 3 e L M IL M KJ ) - f | ^n[ a bc^Vj) (emdefl^Vi.) 
5 / \ 1 

+ 4 [ffflabd™ ( l Klef]gllL) ~ ^ ^HabcdefgVj) i^Kl"" '^V) 

+ 4 (^7 [o6c d/' l ^ 1 '7j) (eJif7/] fl ^V) + g {^nabcdefgi^Vj) (^7^l) 

+ i (e/7a6c<fe/ fl ^V) (e^7^j)) MjjM KL = 0, (129) 

ej-yVej (S a Mjj + 2e^ 7 a^ 3 eLM /L M^j) - — (e/7a6c^V) (e 7 < 7 abc Al) M LJ M KL = 0, (130) 



e/7abc^ 2 ej (5 c M/j + 2Z K l c ^e L M IL M KJ ) + \ 2 (e/7 [o r 7J ) (ernipV) 

+ 4 (e/7 [a r/i) (ejcftpV) - - (ea [a cd iij) (e^cd^V) + -z {eiJabc^Vj) {^kJ^Vl) 

- (enabcdei<r 2 Vj) {eK^a^L^jMuMKL = 0, (131) 

respectively. 

A solution to equations (123), (125-131) is 

tilaVJ = 0, ea a i(J 1 r\jMi J = 0, 



enabcVJ M iJ = °> enabc^VjMu = 0, 
labcV 3 VJ M u = 0, enabcdei^rijMu = 
d a M u = -2e K 7aO- 3 VLM IL M KJ . 



Therefore, the type IIB supergravity symmetry is described by the following transformations of the 
RR fields and dilaton 

cj) -»■ cj)' = cf> + X, 
e 4> F {l) a e <t>' F >(i) = e 4> F W a + erfa^VjMu, 
e^O) ^ _> e ^>'(3) 6c = e ^(3) ^ + e I 'y abc ia 2 r)jMjj , 
^ (5 L "> ^'F' (5 L = e^ (5) ,, + eryatefaaVM/j, (132) 



where 



7n e / = e /> luVi = Vi, (133) 

e/7aW = 0, (134) 

en a iv 2 riJ M iJ = 0, enabcVjMu = 0, ^Ilabc^rjjMu = 0, (135) 

£nabc<7 3 VJ M u = 0, eij abcde ia 2 rijMij = 0, (136) 

c> a X = e /7 a AjM 7J , (137) 

d a M 7J = -2e Kla a 3 r] L M IL M K j. (138) 
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Equation (138) is equivalent to 



d a (M- l )u = 2e Jla a 3 Vl 



(139) 



and up to a constant of integration 




^(logM- 1 ) 



(140) 



i=i 



The integrability conditions for equations (137) and (138) are satisfied by equation (134). 

If ej = r\i then the equations in the lines labelled by (135) and (136) are satisfied, and the transfor- 
mations are precisely the transformations found by Berkovits and Maldacena, equations (4) and (5) in 
section 2. Furthermore, when n = 1 these equations can be explicitly solved to show that e oc ry. When 
n > 1 this is no longer true, and the conditions can be satisfied without identifying ej and rjj. 

Note that, since in our transformations it is not necessary to identify ej and r]j, we can solve 



for real spinors. 

5 Comments 

In both type IIA and type IIB supergravity we have found a larger class of transformations that include 
the transformations of Berkovits and Maldacena [8]. In both cases, when n = 1, these transformations 
are precisely the transformations found by Berkovits and Maldacena. However, for n > 1 



is sufficient but no longer necessary for the conditions given by equations (67, 68) and (135, 136) in 
the analysis for type IIA and type IIB supergravity, respectively, to be satisfied. Indeed, in both cases, 
we have found spinors e/ 7^ rjj, where / = 1,2, for which Mjj is antisymmetric in its /, J indices and 
the above-mentioned conditions hold. 

In the transformations of fermionic T-duality, the spinors were complexified in order to find non-trivial 
solutions to 



Note that, in the transformations that we have constructed r\i does not necessarily have to be identified 
with ei when n > 1. Therefore, 

en a r]j = 

can be solved for real spinors, keeping the transformation real. 

Furthermore, when the two set of Killing spinors e/ and ijj are identified the supersymmetry of the 
transformed supergravity solution is the same as the original solution. In fact, the Killing spinors in 
the new background can be written explicitly in terms of the Killing spinors of the original background 
[8], equation (7). This must be true because fermionic T-duality is a duality of string theory, so the 
transformation must preserve supersymmetry. However, for our transformation it is not clear whether 



ei oc r]j 



eilaej = 0. 
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supersymmetry is preserved. If this is case, then the transformation could be a useful tool for generating 
backgrounds with lower supersymmetry. 

In general, however, the conditions given in equations (65-68) and (134-136) are difficult to solve 
explicitly. If this symmetry, and indeed fermionic T-duality, is to be a more practical solution-generating 
mechanism then a new technique must be found to solve these constraints. 

The original motivation for fermionic T-duality was to understand the dual superconformal invariance 
found in maximally supersymmetric Yang-Mills theory. Similarly, it is hoped that there will an un- 
derstanding of the dual superconformal symmetry of ABJM [21, 22] using fermionic T-duality in type 
IIA theory. The string theory dual to ABJM [23] theory is type IIA string theory on AdS4 x CP 3 , 
and there has been work on trying to understand the self-duality of the AdS4 x CP 3 background under 
a combination of T-duality and fermionic T-duality [11,24,25]. In [25], fermionic T-duality transfor- 
mations on the partially K-gauge fixed Green-Schwarz action is considered and found to be singular. 
However, the partially K-gauge fixed action for the AdS± x CP 3 sigma model is not well-defined for 
all string configurations. It is not clear in [25] whether the singularity arises for this reason or not. 
The transformation rules for the type IIA supergravity fields derived in this paper can be used to 
perform the transformation from the target space point of view. Indeed this has recently been done by 
Bakhmatov [26] . The results of this paper are consistent with the singularity found in [25] . In [26] the 
transformation is done solely in supergravity, and hence the work suggests that the singularity found 
in [25] does not have its source in the sigma model. It is an intriguing problem to find out the origin 
of this singularity at the supergravity level. 

Finally, in the transformation rules for type IIA supergravity besides the conditions which have ana- 
logues in the type IIB supergravity transformations we also found that 

enwqjMij = 

must hold. This condition may be physically interpreted as maintaining a zero Romans mass [27], for 
the Romans mass can be thought of as a constant 0-form field strength [28]. This suggests that the 
fermionic symmetry that we have constructed for type IIA supergravity can be extended to massive 
type IIA supergravity. We will report on this problem in a future paper. 

Another problem that we would like to address in the future is the complexity of the fermionic T- 
duality transformations, for in string theory the transformations cannot be made real. Understanding 
the physical interpretation of the complexity may reveal important, hitherto unknown, aspects of string 
theory. 
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A Conventions 

Below we summarise the conventions used in this work. 
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The metric signature is ( — !-•••+)• 

The permutation symbol is totally antisymmetric and its sign is defined by 

E01...9 = 1- 

For a p— form A and q— form B 

( dA ) ai ...a p+1 = (P+ l)d[ ai A a2 .„ ap+l] , 

( A ^ B )at...a p b x ...b q = ^plgf ' A [ai...a p B bl ... bq ], 
1 61...6- 



(* J 4)ai...a d _ p — ^| e oi...ad- p PA b!...b p 



pi 

The chirality matrix is 



7ii = -7o7i •••79- 



B Gamma matrix identity 

Let {7 a } be a matrix representation of the 10-dimensional Clifford algebra. Since 7 Cl ... Cl0 = — e C i...ci 7ii) 

bl...f>10-m 



e ai...a m bi... 

010 — m 7ii7 

1 



Cl—CIQ^ \ „,&i...&io- 

10!' 



r e iU 7ci...ci ] 7 



10-m 

_ j_ C1...C10 \ _fc [&l-" b 10-m-fc Ao-m-fc + l r&lO-m] 

— jQ, fc ai...o m 6i...6io-m fc Z^- 10(10-m)7[ cl ... Cl0 _j. °c 10 _ fc+ i ' * * °ci ] ' 

fc=0 

using identity (22). Now, contracting the Kronecker delta functions with e C1 """ C1 °, the expression becomes 

10-m 

r , , /- fc cd— ClO-fe6lO-m-fc+l—6lO-m-, &1— &10-m-fc 

t oi...a m 6i...6io-m / , c 10(10-m) t 'ci...c 10 _ fc 

fc=0 

10— m 

= Y 10(10 7 m) (-(10 - fe)!fc!«5j Cl . . . 5 c zC +1 ■ ■ ■ €°' k] 1) 7ci c 10 * fcl "' 6l0 - m - fc 

10' V ^ m bl &10-m-k]/ ' L l--- L 10-fe 

fc=0 
10— m f .k 

__ v 10(10 ~ m) nn A-y/r'-y 6i...6i - ro - fc 

fc=0 



but 

unless k = 10 — m. Therefore, 



6i...6io_ m _/t p. 



Hence, 



ea 1 ...a m fe 1 ...b 10 _ m 7ii7 bl - bl0 - m = -^° ( ™_ m) m!(10 - m)! 7ai ... am 

= _(_l)(10-m)H|(10-m)(10-m+l) (10 _ 

(_l)|(10-m)(10-m+l) & 
7ai...o m (10 — 77l)! e ai...a m 6i...6io- m 7 711- 
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